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The how-to of Bayesian inference

3.1 Overview

The first part of this chapter is devoted to a brief description of the methods and

terminology employed in Bayesian inference and can be read as a stand-alone intro-
duction on how to do Bayesian analysis.1 Following a review of the basics in Section

3.2, we consider the two main inference problems: parameter estimation and model
selection. This includes how to specify credible regions for parameters and how to
eliminate nuisance parameters through marginalization. We also learn that Bayesian

model comparison has a built-in ‘‘Occam’s razor,’’ which automatically penalizes
complicated models, assigning them large probabilities only if the complexity of the

data justifies the additional complication of the model. We also learn how this penalty
arises through marginalization and depends both on the number of parameters and

the prior ranges of these parameters.
We illustrate these features with a detailed analysis of a toy spectral line problem

and in the process introduce the Jeffreys prior and learn how different choices of priors
affect our conclusions. We also have a look at a general argument for selecting priors

for location and scale parameters in the early phases of an investigation when our state
of ignorance is very high. The final section illustrates how Bayesian analysis provides
valuable new insights on systematic errors and how to deal with them.

I recommend that Sections 3.2 to 3.5 of this chapter be read twice; once quickly,
and again after seeing these ideas applied in the detailed example treated in Sections

3.6 to 3.11.

3.2 Basics

In Bayesian inference, the viability of eachmember of a set of rival hypotheses, fHig, is
assessed in the light of some observed data, D, by calculating the probability of each

hypothesis, given the data and any prior information, I, we may have regarding the

1 The treatment of this topic is a revised version of Section 2 of a paper by Gregory and Loredo (1992), which is
reproduced here with the permission of the Astrophysical Journal.
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hypotheses and data. Following a notation introduced by Jeffreys (1961), we write
such a probability as pðHijD; IÞ, explicitly denoting the prior information by the

proposition, I, to the right of the bar. At the very least, the prior information must
specify the class of alternative hypotheses being considered (hypothesis space of inter-

est), and the relationship between the hypotheses and the data (the statistical model).
The basic rules for manipulating Bayesian probabilities are the sum rule,

pðHijIÞ þ pðHijIÞ¼ 1; (3:1)

and the product rule,

pðHi;DjIÞ¼ pðHijIÞpðDjHi; IÞ

¼ pðDjIÞpðHijD; IÞ:
(3:2)

The various symbols appearing as arguments should be understood as propositions;

for example, D might be the proposition, ‘‘N photons were counted in a time T.’’ The
symbol Hi signifies the negation of Hi (a proposition that is true if one of the

alternatives to Hi is true), and ðHi;DÞ signifies the logical conjunction of Hi and D
(a proposition that is true only if Hi and D are both true). The rules hold for any

propositions, not just those indicated above.
Throughout this work, we will be concerned with exclusive hypotheses, so that if

one particular hypothesis is true, all others are false. For such hypotheses, we saw in
Section 2.5.3 that the sum and product rules imply the generalized sum rule,

pðHi þHjjIÞ¼ pðHijIÞ þ pðHjjIÞ: (3:3)

To say that the hypothesis space of interest consists of nmutually exclusive hypotheses

means that for the purpose of the present analysis, we are assuming that one of them is
true and the objective is to assign a probability to each hypothesis in this space, based

on D; I. We will use normalized prior probability distributions, unless otherwise
stated, such that

X

i

pðHijIÞ¼ 1: (3:4)

Here a ‘‘þ’’ within a probability symbol stands for logical disjunction, so that
Hi þHj is a proposition that is true if either Hi or Hj is true.

One of themost important calculating rules in Bayesian inference is Bayes’ theorem,
found by equating the two right hand sides of Equation (3.2) and solving for pðHijD; IÞ:

pðHijD; IÞ¼
pðHijIÞpðDjHi; IÞ

pðDjIÞ : (3:5)
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much more strongly dependent on the prior range of T than for the Jeffreys case. In
both cases, the Occam’s razor penalizingM1 compared toM2 for its greater complex-

ity increases as the prior range for T increases. Model complexity depends not only on
the number of free parameters but also on their prior ranges.

In this problem, we assumed that both the center frequency and line width were
accurately predicted byM1; the only uncertain quantity was the line strength. Suppose
the center frequency and/or line width were uncertain as well. In this case, to compute

the odds ratio, we would have to marginalize over the prior ranges for these para-
meters as well, giving rise to additional Occam’s factors and a subsequent lowering of

the odds. This agrees with our intuition: the more uncertain our prior information
about the expected properties of the line, the less significance we attach to any bump in

the spectrum.
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Figure 3.6 Posterior PDF for the line strength, T, for uniform and Jeffreys priors.
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Figure 3.7 The left panel shows a spectrum with a stronger spectral line. The right panel shows
the computed posterior PDF for the line strength.
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3.9 Lessons

1. In themodel selection problem, we are interested in the global probabilities of the twomodels

independent of the most probable model parameters. This was achieved using Bayes’

theorem and marginalizing over model M1’s parameter T, the signal strength (model M2

had no parameters pertaining to the spectral line data). An Occam’s razor automatically

arises each time a model parameter is marginalized, penalizing the model for prior parameter

space that gets ruled out by the data. The larger the prior range that is excluded by the

likelihood function, pðDjM1;T; IÞ, the greater the Occam penalty as can be seen from Figure

3.8. Recall that the global likelihood for a model is the weighted average likelihood for its

parameter(s). The weighting function is the prior for the parameter. Thus, the Occam penalty

can be very different for two different choices of prior (uniform and Jeffreys). The results are

always conditional on the truth of the prior which must be specified in the analysis, and there

is a need to seriously examine the consequences of the choice of prior.

2. When the prior range for a parameter spans many orders of magnitude, a uniform prior

implies that it is much more probable that the true value of the parameter is in the upper

decade. Often, a large prior parameter range can be taken to mean we are ignorant of the

scale, i.e., small values of the parameter are equally likely to large values. For these situations,

a useful choice is a Jeffreys prior, which corresponds to equal probability per decade (scale

invariance). Note: when the range of a prior is a small fraction of the central value, then the

conclusion will be the same whether a uniform or Jeffreys prior is used. In the spectrum

problem just analyzed, we started out with very crude prior information on the line strength

predicted by M1. Now that we have incorporated the new experimental information D, we

have arrived at a posterior probability for the line strength, pðTjD;M1; IÞ. Were we to obtain

more data, D2, we would set our new prior pðTjM1; I2Þ equal to our current posterior

pðTjD;M1; IÞ, i.e., I2 ¼ D; I. The question of whether to use a Jeffreys or uniform prior

would no longer be relevant.
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Figure 3.8 The odds ratio versus upper limit on the predicted line strength ðTmaxÞ for the
uniform and Jeffreys priors.
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Returning to the spectral line problem, we now see another reason for preferring the

choice of the Jeffreys prior for the temperature parameter, because it is a scale
parameter. In Section 9.2.3, we will discover yet another powerful argument for

selecting the Jeffreys prior for a scale parameter.

3.11 Systematic errors

In scientific inference, we encounter at least two general types of uncertainties which
are broadly classified as random and systematic. Random uncertainties can be

reduced by acquiring and averaging more data. This is the basis behind signal aver-
aging which is discussed in Section 5.11.1. Of course, what appears random for one

state of information might later be discovered to have a predictable pattern as our
state of information changes.

Some typical examples of systematic errors include errors of calibration ofmeters and

rulers,5 and stickiness and wear in the moving parts of meters. For example, over time
an old wooden meter stick may shrink by as much as a few mm. Some potential

systematic errors can be detected by careful analysis of the experiment before perform-
ing it and can then be eliminated either by applying suitable corrections or through

careful experimental design. The remaining systematic errors can be very subtle, and are
detected with certainty only when the same quantity is measured by two or more

completely different experimental methods. The systematic errors are then revealed
by discrepancies between the measurements made by the different methods.

Bayesian inference provides a powerful way of looking and dealing with some of
these subtle systematic errors. We almost always have some prior information about
the accuracy of our ‘‘ruler.’’ Clearly, if we had no information about its accuracy (in

contrast to its repeatability), we would have no logical grounds to use it at all except as
a means for ordering events. In this case, we would be expecting no more from our

ruler and we would have no concern about a systematic error. What this implies is that
we require at least some limited prior information about our ruler’s scale to be

concerned about a systematic error.
As we have seen, a unique feature of the Bayesian approach is the ability to incorporate

prior information and see how it affects our conclusions. In the case of the ruler accuracy,
the approach taken is to introduce the scale of the ruler into the calculation as a
parameter, i.e., we parameterize the systematic error. We can then treat this as a nuisance

parameter and marginalize (integrate over) this parameter to obtain our final inference
about the quantity of interest. If the uncertainty in the accuracy of our scale is very large,

this will be reflected quantitatively in a larger uncertainty in our final inference.
In a complex measurement, many different types of systematic errors can occur,

which in principle, can be parameterized and marginalized. For example, consider the

5 One important ruler in astronomy is the Hubble relation relating redshift or velocity to distance.
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